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Abstract: In this paper, the damage in concrete around a reinforcement bar is examined, and three types of damage in concret
the concrete-rebar interface are defined. Based on these definitions, a three-dimensional damaged reinforced-concrete~DRC! element is
proposed. The element consists of a 10-node concrete element, a two-node rebar element, and a four-node concrete-rebar
element. Experiments were carried out to obtain the parameters for the bond damage evolution equation. The proposed DRC el
implemented as a user-defined element of MSC MARC2000, a commercial finite-element analysis software package. Two nu
examples were examined, and the results show that the DRC element can simulate the bond deterioration in reinforced-concrete s
members with sufficient rationality, accuracy, and efficiency.
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~Stankowski et al. 1993a, b; Lourenc¸o and Rots 1997; Soh et al.
1999!, it is not easy to take into account the interaction betwee
the cracking of concrete and the bond deterioration of th
concrete-rebar interface. At the same time, these concre
interface-rebar meshing techniques usually need many eleme
in the finite-element analysis~FEA! for accurate results to be
obtained.

In this paper, a 12-node 3D damaged reinforced-concre
~DRC! element is developed based on the damage description
the concrete and the bond properties on the concrete-rebar int
face. In this DRC element, the damage in the concrete and on t
concrete-rebar interface is considered using three damage va
ables, so that the nonlinear and softening behavior of the concre
and the interface can be realistically modeled. Experiments we
carried out to obtain the parameters for the bond damage evo
tion equation. The DRC element developed is implemented as
user-defined element in a commercial FEA package, MS
MARC2000 ~User 1997!. Two numerical examples are given to
illustrate the effectiveness of the DRC element in analyzin
reinforced-concrete specimens. The results show that the DR
element can simulate the bond deterioration in RC structur
members with sufficient rationality and accuracy. However, th
model is still too simple to deal with the complexity of real struc-
tures, and the limitations of the DRC element and required furth
work are discussed.

Reinforced-Concrete Element with Damage
Description

In the 12-node 3D reinforced-concrete element developed, t
concrete and the bond behavior of the concrete-rebar interface
described using damage mechanics. Thus, the element is calle
damaged reinforced-concrete element or DRC element, in sho
The DRC element consists of a 10-node brick element for th
concrete, a two-node rod element for the rebar, and a four-no
interface element for the interface between the concrete and reb
One additional deformation mode of the concrete is introduced
account for the shear deformation of concrete due to the bo
stress at the interface between the rebar and the concrete. T
force-displacement relation of the additional deformation mode
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Introduction

In the design and analysis of reinforced-concrete~RC! structures,
the bond between the reinforcement bar~rebar! and concrete is
one of the important factors that must be properly accounted
The shear bond, in particular, is the main load-carrying mec
nism between the concrete and its reinforcement in the longitu
nal direction of the rebars. Although perfect bonding can be
sumed when little or no stress transfer occurs between
concrete and rebar, slip at the concrete-rebar interface usu
occurs when reinforced-concrete structures are loaded, espec
in cases when high stress at the contact interface and at the
anchorage exists. It has been shown that it is essential to inc
bond-slip in the analysis of reinforced-concrete structures~Rots
1988!. The bond stress is directly related to the slip of the inte
face. The behavior of the interface will deteriorate after the s
reaches a certain level, and as a result of damage developm
nonlinear and softening behavior will appear in the bond stre
slip curves. These must be fully simulated in the reinforce
concrete structure analysis. While the various bond problems
be treated separately using contact elements~Ngo and Scordelis
1967; Schafer 1975; Herrmann 1978! or interface elements
ERIALS IN CIVIL ENGINEERING © ASCE / JULY/AUGUST 2003 / 371



Fig. 1. Definition of affected zone
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Fig. 2. Additional deformation mode of concrete
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deduced using the principle of virtual work. Two scalar-dama
variables,Db andDn , are introduced to describe the bond de
rioration of the rebar-concrete interface and the cracking of
concrete. The derivation of the DRC element is explained in
tail later.

Affected Zone and Local Damage

An affected zone is a volume of concrete around a deformed r
in which local damage of concrete occurs as a result of the we
action around the rebar, as shown in Fig. 1. As shown later,
sides the deformation of the rebar, the deformation modes in
DRC element consist of the deformation modes of an eight-n
isoparametric element, an additional shear deformation mode,
a slip mode at the concrete-rebar interface. Accordingly, th
kinds of damage in the DRC element are identified, which are
local damageDl in the affected zone of the concrete, the nonlo
damageDn in the concrete, and the bond damageDb at the rebar-
concrete interface~Liu 2003!. The local damage in the affecte
zone of the concrete is attributed to the additional deforma
mode and the wedge action. The nonlocal damage in the con
is attributed to the deformation modes of the eight-node isop
metric element. The bond damage indicates the deterioratio
bond stiffness of the concrete-rebar interface because of the
and wedge action around the rebar. For simplification,Dl , Dn ,
andDb are all assumed to be scalars. Of the three kinds of d
age, the local damageDl is closely related to the bond damageDb

because they are due to wedge action around the rebar. S
simplification, the local damageDl is assumed to be proportiona
to the bond damageDb ; i.e.

Dl5aDb (1)

wherea5parameter that needs to be calibrated in the DRC
ment.

Additional Deformation Mode of Concrete
in Damaged Reinforced-Concrete Element

To consider the shear deformation of the concrete around
rebar, an additional deformation mode in the affected zone
introduced, as shown in Fig. 2. The affected zone is assume
be a concrete cylinder that is fixed at its rim and subjected t
force FA along thex-axis on one end surface. The longitudin
axis of the cylinder is assumed to be thex-axis. Hence, in the
r -u-x coordinate system, the displacement fieldu(x,r ) can be
assumed to be

u~x,r !5d1

R

R2Rs
S 12

x

l D S 12
r

RD (2)
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whereR5radius of the affected zone;Rs5radius of the rebar;l
5 length of the concrete cylinder; andd15displacement of the
interface relative to the rim at the loaded end of the DRC eleme

According to the theory of elasticity, the idealized strain fie
can be derived as

«x5
]u

]x
52

d1

l

1

R2Rs
~R2r !

« rx5«xr5
1

2

]u

]r
52

1

2

d1

R2Rs
S 12

x

l D ; others50 (3)

and the stress fields are

sx5Ec

12y

~11y!~122y!
«x ; s rx5s rx5Ec

1

~11y!
« rx

s r5su5Ec

y

~11y!~122y!
«x ; others50 (4)

whereEc andy5elastic modulus and Poisson’s ratio of the virg
concrete, respectively.

According to the principle of virtual work, the following equa
tion can be written:

E
V

~sx«̃x1s rx«̃ rx1sxr«̃xr!dV5FAd̃1 (5)

where «̃x52( d̃1 / l )(R2r )/(R2Rs); «̃ rx5 «̃xr520.5d̃1(1
2x/ l )/(R2Rs); andd̃15virtual displacement. From Eqs.~4! and
~5!, the force-displacement relations can be derived as

FA5
pEc

6~11y!

1

~R2Rs!
2 F 12y

122y
~R426R2Rs

218RRs
32eRs

4!
1

l

1~R22Rs
2!l Gd15Kr•d1 (6)

Bond Damage on Concrete-Rebar Interface

An accepted practice in dealing with the bond problem is to
sume that the shear stress is a function of the slip of the inter
with a damage factor included in the expression to take into
count the degradation of the bond~Soh et al. 1999!. The relation-
ship between the bond stress and slip of the concrete-rebar i
face is assumed to be

t~x!5Eb~12Db!D~x! (7)

whereEb5virgin bond stiffness;Db5mean bond damage in th
DRC element; andD(x)5slip along the rebar. In Eq.~7!, it is
assumed that the bond behavior would deteriorate only when
develops, but according to experimental observation~Maekawa
UGUST 2003



n
Fig. 3. Bond deterioration near cracking plane~Maekawa and
Qureshi 1997!
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and Qureshi 1997!, the cracking of concrete will also affect the
bond behavior. To account for this effect, a bond stress-slip re
tion is thus assumed

t~x!5Eb~12Db!~12bDn!D~x! (8)

where parameterb is related to the length of the DRC element,l.
Maekawa and Qureshi~1997! assumed that the bond stress de
creases to zero within a distance of 2.5ds from the cracking plane
(ds is the diameter of the rebar!, as shown in Fig. 3; so whenl
,5ds, we assume thatb51.

A linear slip field is assumed for the DRC element, which ca
be written as

D~x!5D1~12x/ l !1D2~x/ l ! (9)

whereD1 andD25slip at the two ends of the DRC element, a
shown in Fig. 4~a!. The bond forces at the ends of the DRC
element can then be calculated by

Fig. 4. Construction of 12-node DRC element:~a! deformation of
DRC element;~b! assembly of DRC element (i5 ii1 iii 1 iv)
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Fb15E
0

l

Eb~12Db!~12bDn!D1S 12
x

l Dpdsdx

5
l

2
pdsEb~12Db!~12bDn!D1 ;

Fb25E
0

l

Eb~12Db!~12bDn!D2S x

l Dpdsdx

5
l

2
pdsEb~12Db!~12bDn!D2 (10)

Eq. ~10! can be used to determine experimentally the evolutio
equation of the bond damageDb . For example, when a rebar is
pulled out from the concrete, the pullout force,Fp , can be de-
rived from Eq.~10! to be

Fp5Fb11Fb25
l

2
pdsEb~12Db!~12bDn!~D11D2!

(11)

Thus, the relationship between the bond damageDb and the
slip can be determined if the pullout forceFp and the slip on the
two surfaces,D1 andD2 , can be measured and if it is ensured tha
Dn50 in the experiment.

Nonlocal Damage in Concrete

The nonlocal damage in concrete,Dn , in this paper refers to the
degradation and cracking of concrete not directly induced by t
bond damage or wedge action on the concrete-rebar interface
occurs not only in the reinforced-concrete element, but also in t
pure concrete element, and in the DRC element it is due to
deformation modes of the common eight-node isoparametric e
ment of the concrete.

For simplification, a scalar damage model for concrete
adopted, with the stress-strain relationship defined as

s85~12Dn!"De"«8 (12)

where s85$s11 s22 s33 s12 s23 s13%
T and «8

5$«11 «22 «33 2«12 2«23 2«13%
T5stress and strain vector, respec

tively; De5elastic matrix; andDn5damage scalar defined as

Dn5H 0, s1
e< f t

~12E2 /Ec!~12 f t /s1
e!, f t,s1

e,~12Ec /E2! f t

1, s1
e>~12Ec /E2! f t

(13)

where E2(,0)5softening module;f t5tensile strength of the
concrete; ands1

e5maximum principal stress when the concrete
assumed to be an elastic material; that is

s1
e5

1

Ec~11y!~122y!
@~12y!«11y~«21«3!# (14)

where «1 ,«2 ,«35principal strains. For the one-dimensiona
cases, this model gives a stress-strain curve as shown in Fig
which is the same as those given by the crack band~or smear
crack! model with a linear softening phase~Bazant and Oh 1983!.
But this model, described using damage mechanics, make
easier to consider the interaction between the concrete crack
and the bond deterioration, as shown in Eq.~8!.
TERIALS IN CIVIL ENGINEERING © ASCE / JULY/AUGUST 2003 / 373



Fig. 5. Stress-strain curve of concrete~one dimension!
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8 1l il jKr1l i8l j8Kr , i , j PSx

Ki , j
8 , others,

K25,j
c 5Ki ,25

c 5H 2l iKr , i PSx

0, others

K26,i
c 5Ki ,26

c 5H 2l i8Kr , i PSx

0, others

l i5Ni 12/3~j1 ,h1 ,z1!

l i85Ni 12/3~j2 ,h2 ,z2!

where Ni(j,h,z) i 51,•••,85shape function of the eight-node iso-
parametric element; and setSx5$1,4,7,10,13,16,19,22% consists
of the indices denoting the degree of freedom in thex-direction.
Because the local damageDl5aDb only occurs in the affected
zone, as in Eq.~10!, the size of the DRC element has been limited
to be just the size of the affected zone.

The force-displacement relationship of the two-node rebar el-
ement can be written as

Fs5 HT1

T2
J 5

EsAs

l F 1 21

21 1 G HD11d1

D21d2
J 5K s

•us (17)

whereEs andAs5elastic modulus and cross-sectional area of the
rebar, respectively.

In fact, Eq.~10! also defines the force-displacement relation-
ship of the four-node lumped interface element~Rots 1988!,
which can be expressed as

Fb5H F1

F3

F2

F4

J 5~12Db!~12bDn!
l

2
pdsEb

3F 1 21 0 0

21 1 0 0

0 0 1 21

0 0 21 1

G H d11D1

d1

d21D2

d2

J
5~12Db!~12bDn!Kb

•ub (18)

Using Eqs.~16!–~18!, the secant stiffness matrix of the DRC
element can readily be assembled as follows:
5
F1

8

]

F24
8

FA1F3

FB1F4

F11T1

F21T2

6 53
K1,1 ¯ K1,24 K1,25 K1,26 0 0

] � ] ] ] ] ]

K24,1 ¯ K24,24 K24,25 K24,26 0 0

K25,1 ¯ K25,24 K25,251Ksd 0 2Ksd 0

K26,1 ¯ K26,24 0 K26,261Ksd 0 2Ksd

0 ••• 0 2Ksd 0 Ksd1Kss 2Kss

0 ••• 0 0 2Ksd 2Kss Ksd1Kss

4 5
u1

8

]

u24
8

d1

d2

d11D1

d21D2

6 (19)
Secant Stiffness Matrix of Damaged
Reinforced-Concrete Element

As shown in Fig. 4~b!, the DRC element is composed of a 10-
node concrete element, a two-node rebar element, and a four-n
lumped interface element. Consider an eight-node isoparame
element with stiffness matrixK8; its force-displacement relation-
ship is

F85K8
•u8 (15)

where F8 and u85nodal force and nodal displacement vector
respectively. Assuming that axisj is parallel to axisx, which is
the direction of the rebar, the new force-displacement relationsh
considering the additional deformation mode of concrete can
expanded to

Fc55
F1

8

]

F24
8

FA

FB

6 5~12Dn!~12aDb!

3F K1,1
c

¯ K1,24
c K1,25

c K1,26
c

] � ] ] ]

K24,1
c

¯ K24,24
c K24,25

c K24,26
c

K25,1
c

¯ K25,24
c Kr K25,26

c

K26,1
c

¯ K26,24
c K26,25

c Kr

G 5 u1
8

]

u24
8

d1

d2

6
5~12Dn!~12aDb!K c

•uc (16)

in which
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Fig. 6. Experimental setup
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Fig. 7. Typical failure modes of tested specimens:~a! Specimen
10-5; ~b! Specimen 15-1
b

h

e

r

l
nd
n

of
ly
d
ri-
-
d

n,

d

m

n-
n
m
e
e-
in
g

in which

Ki , j5~12Dn!~12aDb!Ki , j
c ; i , j 51, . . . ,26

Ksd50.5p ldsEb~12Db!~12bDn!; Kss5EsAs / l

Experimental Calibration

As mentioned earlier, one important issue in developing the DR
element is to model the bond behavior of the concrete-rebar i
terface, as expressed in Eq.~8!. In the equation, the damage scala
Db is introduced to account for the deterioration of the bon
characteristics. If the evolution equation ofDb is known, the be-
havior of the interface can be correctly described with Eq.~8!.
Hence, the purpose of the experimental test is to determine t
evolution equation ofDb . According to Eq.~11!, the evolution
equation can be obtained from the experimentally recordedFp

;D curve.

Experimental Setup

The specimen is cylindrical in shape, with a rebar (ds510 mm)
embedded along the central axis. In the derivation of Eq.~11!, we
have assumed that the damage state of the interface could
represented by a mean damage,Db . So, the thickness of the
specimen should be as thin as possible. Thus, the thickness of
specimen is designed to be 75 mm, as the maximum size
coarse aggregates is 20 mm. The loading device was designed
shown in Fig. 6. A hole, with the same size as the concrete spe
men, is made in the center of the steel blocking plate, which
fixed to the base of the tension machine, Instron 4486, by fo
steel hold-down rods. Special glue was used to stick the specim
to a polyvinyl chloride~PVC! pipe, which was cut into eight
pieces to eliminate the lateral confinement effect~Malvar 1992!.
So when the rebar is pulled upward, the PVC pipe will be hel
back by the blocking plate. The maximum tension stress in th
specimen is much less thanf t , so according to Eq.~13!, the
nonlocal damageDn is ensured to be zero. More details on the
experimental study can be found in Lu~2000!.

Experimental Results

A total of two groups of 13 specimens, with diameters ofds

510 cm ~Group 10! and 15 cm~Group 15!, respectively, were
tested. Some typical failed specimens are shown in Fig. 7. Appa
ently, all of the specimens failed with major longitudinal radia
T

-

e

e

e
f
as
i-

r
n

-

cracks~splitting failure!. The process of failure was observed as
follows. First, when the load approached its peak value, the radia
cracks started appearing on the top surface of the concrete arou
the steel bar. The cracks extended very fast, and soon they ra
through the top surface and extended downward along the side
the specimen. The stiffness of the specimen decreased quick
when the cracks ran through the top surface. When the loa
reached the peak, the cracks extended so fast that the linear va
able differential transducers could not properly record this pro
cess. The speed of the downward extension of the cracks varie
from specimen to specimen. Generally, the larger the specime
the quicker the cracks extended.

The experimental bond stress-slip curves for the Group 10 an
Group 15 specimens are shown in Figs. 8~a and b!, in which t is
the average bond stress,D1 is the relative displacement of the
steel bar and concrete on the top surface, andD2 is that of the
bottom surface. It is apparent that the bond stress-slip curves fro
the six Group 10 specimens are similar except for the one from
Specimen 10-4, which suffered a sudden crash of the experime
tal setup for some unknown reason. The results from the seve
Group 15 specimens are more scattered compared to those fro
the Group 10 specimens. As mentioned earlier, the cracks in th
Group 15 specimens extended so fast that the bond stress d
creased abruptly after the peak. The second peaks observed
some of the curves may be because the stiffness of the loadin
system was inadequate.

To fit the experimental results, the evolution equation of the
bond damage is assumed to be

Db5H 0, D<g

S 12
t r

EbD D S 12expF2
1

a
~D2g!mG D , D.g

(20)

whereD50.5(D11D2); t r5residual bond strength;g5damage
threshold; and parametersa,mcan be determined from

m52
D02g

~D02t r /Eb!ln
t02t r

EbD02t r

a5mS D02
t r

Eb
D ~D02g!m21 (21)

where t0 and D05bond strength and corresponding slip value,
respectively. In fact, Eq.~20! is a translation on a Weibull cumu-
lative distribution function (Db8), as shown in Fig. 9. As shown in
ERIALS IN CIVIL ENGINEERING © ASCE / JULY/AUGUST 2003 / 375
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Fig. 8. Bond stress-slip curves of specimens:~a! bond stress-slip
curves of Specimen Group 10;~b! bond stress-slip curves of Spec
men Group 15
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specimen used in the uniaxial-tension test of Doerr~Keuser and
Mehlhorn 1987!, whereby the distribution of the tensile force
along the rebar from two meshes is worked out and compare
with the test results. The numerical results indicate that the DR
element is efficient and effective for practical applications.

Example 1: Specimen d sÄ10 cm

The specimen of Group 10 used in the experimental test wa
computed using the DRC element as its initial application. As
shown in Fig. 10, the specimen was modeled using five elemen
in Model 1, consisting of one DRC element for the concrete-reba
and four ordinary eight-node brick elements for the rest of the
concrete. In Model 2, two DRC elements and 16 eight-node bric
elements were used. The eight-node brick elements are provid
by MSC MARC2000~Element Type 7!, and the material type
used is the ‘‘low tension material’’ whose stress-strain curve is
similar to the one shown in Fig. 5~‘‘User’’ 1997!. In MARC, the
DRC element has been incorporated as a user-defined eleme
implemented using the user subroutine, uselem. The derivation
the tangent stiffness matrix of the DRC element required in
uselem is given in Appendix I. The material parameters of the
specimens were obtained from the experimental test, as shown
Table 1. The nodes at the rim of the top surface were fixed, an
the tension force was applied on the rebar.

According to the experiments of Hayashi and Kokusho~1982!,
the radius of the affected zone,R, is about 2ds ; the size of the
DRC element is thus also 2ds , to make sure that the damage in
the concrete is the same, as required in Eq.~16!. In this study, it
is assumed that when the rebar is pulled out, the concrete in th
affected zone also failed. Hence, the parameter representing co

Fig. 9. Bond damage and bond stress-slip curve
Fig. 10. Models of Group 10 specimens:~a! Model 1; ~b! Model 2; ~c! specimen
Figs. 8~a and b!, the fitted bond stress-slip curves for Group 1
and Group 15 using Eq.~20! generally agree well with the experi-
mental results.

Numerical Examples

In this section, the developed DRC element is used to model
specimens tested in the experiment. The computed mean b
stress-slip relations from two meshes are compared with the
perimental results. The DRC element is next used to analyze
Y/AUGUST 2003



Table 1. Material Properties

Example Concrete Rebar Bond

1 f c530 MPa f y5500 MPa t059.0 MPa

f t52.9 MPa Es5157,000 MPa D050.55 mm

Ec522,000 MPa ds510 mm Eb522 N/mm3

yc50.2 t r50.63 MPa

g50.2950 mm
2 f c537.2 MPa f y5420 MPa t056.075 MPa

f t52.7 MPa Es5205,000 MPa D050.233 mm

Ec535,000 MPa ds516 mm Eb535 N/mm3

E25H 23.53105 MPa~Model 1!
21.73105 MPa~Model 2!

t r50.425 MPa

g50.109 mm
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The applied tension force versus the displacement for both
the models was worked out and plotted in Fig. 13. The numeri
results of the tensile force distribution along the rebar were co
pared with the test data in Fig. 14 for three load levels of tens
force, T520, 40, and 70 kN. Apparently, Model 2 with a fin
mesh produced better agreement with the experimental result
is noted that the computed profiles of the tension force whenT
540 and 70 kN, especially from Model 1, shifted slightly to th
right as compared to the experimental results. This is becaus
the numerical computation, cracking of concrete can only oc
in the first element from the symmetric plane, which induced t
failure of the entire element; but in the actual experimental te
cracking just occurred on the symmetric plane. This difference
illustrated in Fig. 15.

In the computation using the DRC element, the test specim
has been modeled as a three-dimensional problem in which
and 50 linear elements are used in Model 1 and Model 2, resp
tively. Generally, the numerical results agree well with the te
data. Compared to the traditional concrete-interface-rebar mo
ing, the DRC element appears to be more suitable for the
analysis of RC members. For example, in Keuser and Mehlho
~1987! computation on the aforementioned specimen, 23 eig
node axisymmetric quadratic isoparametric elements~concrete
and rebar! plus five three-node quadratic contact elements~inter-
face! were used, even though the axisymmetry of the specim
was considered to simplify it into a 2D problem. If the specime
cannot be simplified into a 2D problem, and must be analyzed
a 3D problem, a significantly large number of elements will b
required to achieve the same accuracy.

Conclusions

Based on the identification of the three types of damage in
reinforced concrete and on the concrete-rebar interface, a d
aged reinforced-concrete element was derived. In the DRC
ment, the material properties of the concrete and concrete-re
interface were described using damage mechanics. This mak
easy to consider the interaction between the failure of the c
crete and the bond deterioration of the interface, which has b
difficult when using the traditional standard 3D modeling tec
niques~concrete-interface-rebar!. An experimental test was car
ried out and an empirical bond damage evolution equation w
derived from the test curves, which made it realistic to nume
cally compute the behavior of the reinforced concrete. Two n
merical examples were presented using the developed DRC
Fig. 11. Computed and tested bond stress-slip curves
crete weakening induced by the bond damage,a, is set to be 1
when the size of the DRC element is the same as the size of
affected zoneR.

As shown in Fig. 11, the mean bond stress-slip curves co
puted from the two models are then compared with the one fit
from the experimental data using Eq.~20! @which has been shown
in Fig. 8~a!#. It is apparent that the developed DRC element c
be used to accurately simulate the bond stress-slip relationshi
the concrete and rebar interface.

Example 2: Doerr’s Uniaxial-Tension Test

The DRC element is also used to simulate Doerr’s uniaxi
tension test of a reinforced-concrete specimen~Keuser and
Mehlhorn 1987!. As shown in Fig. 12, half of the test specime
was discretized with DRC elements and eight-node brick e
ments. The material properties are also listed in Table 1, in wh
the maximum bond stresst0 was obtained from the Fe´dération
International de la Pre´contrainte model code for concrete struc
tures~‘‘Examples’’ 1990!. Because the element length in Model
is about half of that in Model 1, the softening module in Model
is set to be about half of that in Model 1, so as to ensure
constant fracture energy of concrete~Bazant and Oh 1983!. In this
example, the result is not sensitive to the softening module of
concrete—perhaps because the process of concrete cracking
completed within one increment. The other parameters, wh
were determined from the experimental results in Example 1,
discussed in Appendix II.
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Fig. 12. Models of tested specimens:~a! Model 1; ~b! Model 2; ~c! specimen
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sor
ment, and their results suggested that the DRC element was
to accurately simulate certain behavior of the reinforced concre

However, the model is still too simple to deal with the com
plexity of real structures. In the developed DRC element, the s
was limited to about 2ds . In addition, only one rebar was con-
sidered, and its direction was along an axis of the coordin
system. Unfortunately, these limitations on the size of the elem
and the number, as well as direction, of the rebars hindered
modeling. It should also be highlighted that the developed DR
element was useful only when a simple bond model was adopt
i.e., where the bond stress is only a function of its slip. For t
more sophisticated and realistic bond models, where the bo
stress also depends on its confinement, and the slip will lead
dilation of the concrete~Lundgren and Gylltoft 2000!, the DRC
element will need some generalizations. This will also be part
our future research work.

Appendix I: Tangent Stiffness Matrix
of Damaged Reinforced-Concrete Element

Differentiating both sides of Eq.~16!, we obtained

dFc5~12Dn!~12aDb!K c
•duc2~12aDb!K c

•uc
•dDn

2a~12Dn!•K c
•uc

•dDb (22)

Differentiating both sides of Eq.~18!, we obtained

dFb5~12Db!~12bDn!Kb
•dub2b~12Db!Kb

•ub
•dDn

2~12bDn!Kb
•ub

•dDb (23)

and from Eq.~13! we have
Fig. 13. Tension force versus displacement curves
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Fig. 14. Profile of tension force on rebar
ble
te.
-
ze

te
nt

the
C
ed;
e
nd
to

of

dDn55
0, s1

e< f

~12E2 /Ec!
f t

~s1
e!2

]s1
e

]u8 •du8, f t,s1
e,~12Ec /E2! f t

0, s1
e>~12Ec /E2! f

(24)
where

]s1
e

]u8 5
1

Ec~12y!~122y!
@y, 12y, 12y#•

]«p

]«8
•B8 (25)

where matrixB85geometric matrix of the eight-node isoparame
ric element; and«p5$«1 «2 «3%

T5vector of principal strain,
which can be computed by

« i5
1

3
~«111«221«33!1

2

)
cosu i , i 51,2,3 (26)

where u15cos21(1.5)J3 /J2
1.5)/3; u25u112p/3; u35u1

22p/3; andJ2 and J35second and third invariance of the de
viatoric tensor of strain,e, respectively. The derivatives of the
principal strain with respect to the components of the strain ten
are

]«k

]« i j
5

1

3
d i j 1

1

A3J2

cos~uk!ei j 2A 4J2

4J2
3227J3

2

3sin~uk!S 3J3

2J2
ei j 2eipep j1

2

3
J2d i j D (27)

with the summation convention on subscriptp. From Eq.~21!, we
obtained
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dDb5H 0, x<g

H F S 12
t r

EbxD m

a
~x2g!m212

t r

Ebx2GexpF2
1

a
~x2g!mG1

t r

Ebx2J dx, x.g
(28)

wheredx5@20.520.5 0.5 0.5#•dub .
In this paper, yielding of the rebar is not taken into account. Hence, from Eq.~17!, we obtained

dFs5K s
•dus (29)

From Eqs.~22!–~29!, the tangent stiffness matrix of the DRC element can thus be assembled.
Actually, we can describe the yielding of the rebar by simply introducing another damage scalarDs ; i.e.

Fs5~12Ds!•K s
•dus (30)

Ds5 H 0
12dy /uD21d22D12d1u when

uD21d22D12d1u<dy

uD21d22D12d1u.dy
; dy5

f y

Es
l (31)
a
be

r-
th

r
ia

(

ip
as

le
e

e
.

in
y
rv
b
e

wheredy5deformation of the rebar under yielding load; andf y

5yielding strength of the rebar. Hence, the tangent stiffness m
trix of the DRC element, considering yielding of the rebar, can
obtained using the foregoing similar steps.

Appendix II: Discussion on Initial Bond Modulus Eb

Apparently, the initial bond modulus of the concrete-rebar inte
face is influenced by the properties of the concrete and
rebar—for instance, the concrete modulus and the shape of the
of the ribbed bar. In Example 1, it has been found that the init
bond modulus obtained experimentally (Eb52.23104 MPa/m) is
nearly the same as the tested initial modulus of the concreteEc

52.23104 MPa). Hence, in Example 2,Eb is also tentatively set
to be the same asEc . To make sure that the bond stress-sl
curves used in Example 1 and Example 2 are similar, it is
sumed that

t0
1

Eb
1D0

1 5
t0

2

Eb
2D0

2 ;
g1

D0
1 5

g2

D0
2 ;

t r
1

t0
1 5

t r
2

t0
2 (32)

where superscripts 1 and 2 represent Example 1 and Examp
respectively. The valuet0 /EbD0 reflects the damage state at th
peak of the bond stress-slip curve, and the valuesg/D0 andt r /t0

decide the softening phase. In Example 2, the bond strengtht0

was obtained from the code, andEb is assumed to be the sam
value asEc . So,x0 , g, andt r are all determined according to Eq
~32!.

It should be mentioned that although the results obtained us
the parameters determined previously are acceptable, this ma
a coincidence. An experimentally obtained bond stress-slip cu
is more reliable and preferred. Nevertheless, the relationships
tweenEb andEc as well as other material properties still deserv
more research work.
Fig. 15. Concrete cracking:~a! tested;~b! computed
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Notation

The following symbols are used in this paper:
As 5 cross-sectional area of rebar;

a, m, g 5 bond parameters;
De 5 elastic matrix of concrete;
Db 5 bond damage at rebar-concrete interface;

Dl , Dn 5 local and nonlocal damage of concrete;
Ds 5 damage of rebar;
dy 5 deformation of rebar under yielding load;

Eb , Ec , Es 5 stiffness of concrete, concrete-rebar
interface, and rebar;

E2 5 softening module of concrete;
e 5 deviatoric tensor of strain;

Fb , Fp 5 bond forces and pullout force;
f t 5 tension strength of concrete;
f y 5 yielding strength of rebar;

J2 , J3 5 second and third invariance of deviatoric
tensor of strain;

Kb, K c, K s 5 stiffness matrix of interface element,
concrete element, and rebar element;

K8 5 stiffness matrix of eight-node brick element;
l 5 length of damaged reinforced-concrete

element;
Ni i 51, . . . ,8 5 shape function of eight-node brick element;

R, Rs 5 radii of affected zone and rebar;
T 5 tension force on rebar;
u 5 displacement;
a 5 parameter representing concrete weakening

induced by bond damage;
b 5 parameter representing bond deterioration

due to concrete cracking;
D 5 slip along rebar;

D0 5 slip corresponding to bond strength;
d 5 displacement of interface as relative to rim

of concrete cylinder;
«,«8 5 strain tensor and vector;

«p 5 vector of principal strain;
s,s8 5 stress tensor and vector;

s1
e 5 maximum principal stress when concrete is

assumed to be elastic material;
t 5 bond stress;

t0 ,t r 5 bond strength and residual bond strength;
and

y 5 Poisson’s ratio of virgin concrete.
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